We point out some subtleties with gauge fixings (which sometimes include the so-called "brane bending" effects) typically used to compute the graviton propagator on the Randall-Sundrum brane. In particular, the brane, which has non-vanishing tension, explicitly breaks some part of the diffeomorphisms, so that there are subtleties arising in going to, say, the axial gauge or the harmonic gauge. We therefore compute the graviton propagator in the gauge where only the graviphoton fluctuations are set to zero (the diffeomorphisms necessary for this gauge fixing are intact), but the 55 component of the graviton is untouched. We obtain the following result for gravitational interactions between matter sources localized on the brane. At long distances we have the 4-dimensional Newton's law, and the tensor structure of the graviton propagator is also 4-dimensional. On the other hand, at short distances we have the 5-dimensional Newton's law as well as 5-dimensional tensor structure of the graviton propagator. In particular, we have a smooth transition between 2 degrees of freedom at long distances to 3 degrees of freedom at short distances which couple to the conserved energy-momentum tensor on the brane. We then point out that, since the the scalar 55 component cannot be gauged away, at the quantum level, where we expect various additional terms to be generated in the brane world-volume action, fine-tuning (which is independent of that for the brane cosmological constant) is generically required to preserve consistent coupling between bulk gravity and brane matter. We also reiterate that in such warped backgrounds higher curvature terms in the bulk are generically expected to delocalize gravity.
In the Brane World scenario the Standard Model gauge and matter fields are assumed to be localized on branes (or an intersection thereof), while gravity lives in a larger dimensional bulk of space-time [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The volume of dimensions transverse to the branes is automatically finite if these dimensions are compact. On the other hand, the volume of the transverse dimensions can be finite even if the latter are non-compact. In particular, this can be achieved by using [13] warped compactifications [14] which localize gravity on the brane. A concrete realization of this idea was given in [15] .
In this paper we study gravitational interactions between matter sources localized on the brane in the Randall-Sundrum model, whose action is given by:
For calculational convenience we will keep the number of space-time dimensions D unspecified. In (1) M P is the D-dimensional (reduced) Planck scale, while Λ is the bulk vacuum energy density, which is assumed to be a negative constant. The (D − 1)-dimensional hypersurface Σ, that is, the brane, is the z = 0 slice of the D-dimensional space-time, where z ≡ x D . Next,
where the capital Latin indices M, N, . . . = 1, . . . , D, while the Greek indices µ, ν, . . . = 1, . . . , (D − 1). The quantity f is the brane tension 1 . In the following we will be interested in solutions to the equations of motion following from the action (1) with the warped metric of the following form:
where η M N is the flat D-dimensional Minkowski metric, and the warp factor A, which is a function of z, is independent of the coordinates x µ . With this ansätz, we have the following equations of motion for A (prime denotes derivative w.r.t. z):
Here
. This system of equations has a solution if we fine-tune the brane tension to the bulk vacuum energy density as follows:
1 There might be additional bulk fields other than gravity. We will assume that such fields have vanishing expectation values. Also, there might be various fields localized on the brane. If the brane world-volume theory is not conformal, then, as was pointed out in [16, 17] , quantum loops of these fields are generically expected to induce, among other terms, the (D − 1) dimensional Einstein-Hilbert term on the brane. We will discuss the consequences of this at the end of the paper. For now, however, we will ignore any such terms and stick to the original action (1) .
Assuming that the brane tension is positive, the solution is then given by
where ∆ ≡ 4(D − 2)/ f, and we have chosen the integration constant such that A(0) = 0. The volume of the transverse dimension, which is given by dz exp(DA), is finite in the above solution, and so is the normalization of the (D − 1)-dimensional graviton zero mode wave-function, which is given by dz exp[(D − 2)A]. That is, gravity is localized on the brane, and at long distances we expect that gravity is (D − 1)-dimensional. In particular, at long distances we expect (D − 1)-dimensional Newton's law to be valid for matter sources localized on the brane, and the number of the graviton degrees of freedom which couple to the corresponding conserved energy-momentum tensor on the brane should be (D − 1)(D − 4)/2 (which for D = 5 is 2). On the other hand, at short distances we expect that gravity is D-dimensional. In particular, at short distances we expect the D-dimensional Newton's law to take over. As to the tensor structure of graviton propagator, consistency tells us that we should also expect it to be that of the D-dimensional massless graviton propagator. The number of the graviton degrees of freedom which couple to the conserved energy momentum tensor on the brane should then be (
2 . Here we would like to understand how such a smooth crossover between the number of relevant degrees of freedom occurs in this model.
To do this, let us study small fluctuations around the solution:
where for convenience reasons we have chosen to work with h M N instead of metric fluctuations h M N = exp(2A) h M N . In the following we will need to take into account gauge redundancy of the system. In terms of h M N the D-dimensional diffeomorphisms
are given by the following gauge transformations:
Here for notational convenience we have introduced a unit vector n M with the following components: n µ = 0, n D = 1. The presence of the brane (whose tension is non-vanishing) breaks the full D-dimensional diffeomorphism invariance (10) to a smaller subset of gauge transformations given by (10) with the restriction that
This fact will become important in the following.
To proceed further, we need equations of motion for h M N . Let us assume that we have matter localized on the brane, and let the corresponding conserved energy-momentum tensor be T µν :
The graviton field h µν couples to T µν via the following term in the action (note that h µν = h µν at z = 0 as we have set A(0) = 0):
Next, starting from the action S +S int we obtain the following linearized equations of motion for h M N :
where h ≡ h M M , the only non-vanishing components of T M N are T µν , and
The second term in this expression is due to the contribution from the first term in (1). To simplify the above equations of motion, we can use gauge fixing. However, some care is needed in doing so. Thus, note that the presence of a non-zero tension brane explicitly breaks the full D-dimensional diffeomorphisms (10) . In particular, if we make the gauge transformation (10) with non-zero ξ S n S , we will generate terms containing δ ′ (z) in the equations of motion. Such terms arise from the fact that A ′ is discontinuous whenever the brane tension is non-vanishing, so that A ′′ contains a term with δ(z), while A ′′′ contains a term with δ ′ (z). On the other hand, terms containing A ′′′ arise in the equations of motion once we make the gauge transformation (10) with non-zero ξ S n S . Thus, as we see, the diffeomorphisms left unbroken by the presence of the brane are given by (10) with the additional condition (11) . Under these residual gauge transformations the equations of motion (14) are invariant, and the fields H µν , A µ , ρ, where
transform as follows
This implies that we cannot gauge ρ away. We can, however, gauge A µ away (note that ξ µ in (17) need not be independent of z). Thus, in the following we will use the gauge where A µ = 0. Note that after this gauge fixing the residual gauge transformations are given by (17) with ξ µ independent of z.
After the aforementioned gauge fixing we have the following equations of motion:
where H ≡ H µ µ . To solve the above equations of motion, it is convenient to perform the Fourier transform for the coordinates x µ (we will denote the corresponding momenta via p µ ), and Wick rotate to the Euclidean space (where the propagator is unique). The equations of motion for the Fourier transformed quantities read:
[
Let us assume that T (p) = 0. Then the most general tensor structure for the fields H µν and ρ can be parametrized in terms of four functions a, b, c, d as follows:
Plugging this back into the equations of motion, we obtain six equations for four unknowns a, b, c, d. However, two of these equations are identically satisfied once we take into account the other four (as well as the on-shell expression for A). After some straightforward computations we obtain the following system of four independent equations:
Here we note that (26) must be solved subject to the boundary conditions a(z → ±∞) = 0 (for p 2 > 0). Note that (29) contains the second derivative of c but no δ-function term. This then implies that c ′ must be continuous at z = 0. However, since A ′ is discontinuous at z = 0, the only way that we can satisfy (28) is then to assume that c ′ vanishes at z = 0. Taking into account that at z → ±∞ c must go to zero (note that z-dependent contributions to c cannot be gauged away everywhere), we then conclude that to satisfy (29) we must assume that c identically vanishes. Thus, we have only three unknowns left, namely, a, b, d, but we still have four equations. However, one of these equations, namely, (27) , is automatically satisfied once we take into account the other three equations (as well as the on-shell expression for A). In terms of the solution to (26) (which can be expressed via Bessel functions [15] ), we have the following expression for b
Note
Using the above results we obtain:
This is one of the main results of this paper. In particular, these expressions give us the form of (linearized) gravitational interactions between matter sources localized on the brane including the tensor structure of the corresponding graviton propagator. Note that both H µν (p, z) and ρ(p, z) in the above solution decay to zero at z → ±∞ as they should. We found this solution without using any diffeomorphisms explicitly broken by the presence of the brane, but, at the same time, we have used all relevant available diffeomorphisms to simplify the equations of motion. Let us nonetheless directly verify that, using the diffeomorphisms (10) with ξ S n S = 0 (that is, those explicitly broken by the presence of the brane), we cannot consistently set ρ to zero. Indeed, since under such diffeomorphisms δρ = 2 ξ
′ ξ D , the gauge parameter ξ D such that gauge transformed ρ is vanishing is given by (∆ was defined after (7)):
where we are working with the Fourier transformed quantities, and the integration constant is chosen so that at the end of the day gauge transformed H µν does not become discontinuous 3 . Next, note that under the aforementioned diffeomorphisms we have
To preserve the gauge condition A µ = 0 we must therefore fix ξ µ as follows:
3 Note that the above gauge parameter ξ D is discontinuous at z = 0, which is in accord with the fact that in (10) it is multiplied by A ′ , which is also discontinuous at z = 0, but the product A ′ ξ D is continuous up to the usual subtlety at z = 0 arising whenever one squares the step-function sign(z). The appearance of discontinuous gauge parameters and related to them aforementioned subtleties might already signal that we are heading toward an inconsistency. Let us, however, treat all such subtleties with the standard prescriptions following from the definitions of the corresponding generalized functions in order to arrive at an apparent contradiction.
where we have dropped an integration constant which is independent of z, and can therefore be absorbed into (D − 1)-dimensional diffeomorphisms whose gauge parameters ξ µ are independent of z. Finally, note that the field H µν transforms as δH µν = −i p µ ξ ν + p ν ξ µ + 2η µν A ′ ξ D , so that gauge transformed H µν is given by:
This expression has some peculiar properties. Thus, the last term diverges as z → ±∞, so that H µν given by this expression is no longer a small perturbation around the background. Moreover, even though this term is proportional to p µ p ν , we cannot get rid of it for all z by using the (D − 1)-dimensional diffeomorphisms (with ξ µ independent of z) as this term is z dependent. In particular, a probe bulk matter source (for which p µ T bulk µν need not vanish) will feel this diverging field away from the brane. Thus, as wee see, using the full D-dimensional diffeomorphisms with ξ S n S = 0 to set ρ to zero indeed leads to an inconsistency, which is due to the fact that, as we have already mentioned, such diffeomorphisms are explicitly broken by the presence of the brane. In fact, note that if we merely performed the above procedure leading to (35) on the brane, that is, at z = 0, up to the term proportional to p µ p ν (which can always be removed by the (D − 1)-dimensional diffeomorphisms with ξ ′ µ = 0) we would obtain
which at first might look perfectly consistent 4 , but, as should be clear from our discussion, (31) and (32) (and not 5 (36) together with ρ = 0) is the correct answer. Let us now use (31) to obtain the tensor and momentum structure of the graviton propagator at small and large p. At large distance scales r ≫ ∆, that is, at small momenta
where the ellipses stand for subleading corrections, and
Here M P is the (D − 1)-dimensional (reduced) Planck scale corresponding to the (D − 1)-dimensional Newton's constant which determines the strength of gravitational interactions mediated by the localized graviton zero mode. On the other hand, A ′ (0±) = ∓1/∆, and a ′ (p, z = 0±) = ∓1/2 (the latter can be seen from (26)). We therefore obtain that at small momenta 
so that we obtain
Both the momentum and tensor structures in this expression for the gravitational field on the brane are D-dimensional. Thus, at small distances we have the D-dimensional 1/r
Newton's law, and the number of degrees of freedom which couple to T µν (which can be read off the coefficient
The extra degree of freedom is precisely the scalar ρ which no longer decouples at large momenta. This can be seen from the fact that at large p we have
Thus, we see that we have a smooth transition between two regimes where at large distance scales we have (D − 1)-dimensional gravity, while at short distances we have Ddimensional gravity. This is possible because the scalar degree of freedom ρ cannot be gauged away. This then gives us a hint that we might have to consider more general terms involving this field than we have done so far. Let us begin discussing this issue by noting that (13) does not describe the most general coupling of the bulk graviton to the brane matter. The most general form for such a term is given by
Invariance under the unbroken diffeomorphisms (17) then implies that ∂ µ T µν = 0 and T µD = 0, so that we do have a conserved energy-momentum tensor on the brane. However, the coupling to the scalar ρ, which is given by T DD , is not constrained at all, and can a priori be non-vanishing. Introduction of such a coupling would, however, introduce an inconsistency into the system. To see this, note that T M N on the r.h.s. of (14) now has a non-vanishing DD component: T DD = T DD (all the other components remain the same). This then implies that on the r.h.s. of (20) we now have a source term:
Since we have no second derivative terms on the l.h.s. of this equation, it has no consistent solutions for T DD = 0. That is, the coupling of bulk gravity to brane matter is inconsistent unless T DD = 0. Next, we would like to discuss quantum corrections on the brane. Note that the brane world-volume theory is not conformal as long as gravity is localized. This then implies that quantum corrections will generically generate various terms in the brane world-volume [16, 17] . These terms are a priori arbitrary except that they must respect the gauge symmetries of the system. These symmetries are given by the unbroken diffeomorphisms (17) . Using these diffeomorphisms, as we have already mentioned, we can always eliminate the field A µ . We can therefore discuss possible terms generated by quantum corrections in terms of H µν and ρ. In fact, all terms including such fields are a priori allowed as long as they respect the residual (D −1)-dimensional diffeomorphism invariance under which δH µν = ∂ µ ξ ν +∂ ν ξ µ , and δρ = 0. Let us confine our attention to such terms that are quadratic in H µν and/or ρ, and contain only two derivatives. Then the most general corrections of this type into the brane world-volume action are given by the following terms:
The terms combined into S H correspond to expanding the term
around the Minkowski background:
Ricci scalar constructed from the metric G µν ). Note that this term renormalizes the (D −1)-dimensional Planck scale, and one can show that it does not introduce any inconsistency as far as the coupling between bulk gravity and brane matter is concerned. Here we note that another term containing only G µν is given by
This term renormalizes the brane tension. Then to preserve (D − 1)-dimensional Poincaré invariance on the brane we need to accordingly fine-tune the bulk cosmological constant. This fine-tuning is the usual fine tuning of the (D − 1)-dimensional cosmological constant, and it will not concern us here.
The terms appearing in (44), however, are a bit more harmful. The terms with the coefficients C 3 and C 4 are the usual mass and kinetic terms, respectively. The term with the coefficient C 2 corresponds to expanding the term
around the Minkowski background. The trouble with the terms appearing in (44) is that they give rise to a source term on the r.h.s. of (20) . This is similar to what happens if we introduce non-vanishing T DD . In fact, in general we should consider adding the latter (which might be generated by quantum effects even if it was absent at the tree level) as well as the contributions coming from S ρ . It is then clear that to have a consistent solution to (20) , the total source term on its r.h.s. should vanish. This, however, generically implies that we need to fine-tune parameters C 2 , C 3 , C 4 as well as the coupling T DD to have a continuous solution for ρ and H µν . Indeed, the values of ρ and H µν at z = 0 are completely determined in terms of T µν . Note that this fine-tuning is independent of the aforementioned fine-tuning required for maintaining vanishing cosmological constant on the brane.
Thus, as we see, the fact that ρ cannot be gauged away necessitates fine-tuning at the quantum level to preserve consistent coupling between bulk gravity and brane matter. A similar observation was recently made in [20] in a somewhat different context, namely, within the setup of [21] where the extra dimension has infinite volume. Because of the latter fact, however, consistent coupling between bulk gravity and brane matter can be achieved in the setup of [21] if the brane world-volume theory is conformal [20] .
Let us now turn to quantum corrections in the bulk. In particular, as was pointed out in [22] , in warped backgrounds with finite-volume non-compact extra dimensions one must be cautious about higher derivative terms in the bulk action. Note that as long as −Λ ≪ M 2 * , where M * is the cut-off scale for higher derivative terms in the bulk action, then contributions of such terms as far as the domain wall solution is concerned are under control [22] . However, as was pointed out in [22] , higher curvature terms in such warped compactifications generically lead to delocalization of gravity. Thus, inclusion of higher derivative terms of, say, the form
into the bulk action would produce terms of the form [22] 
Assuming that A goes to −∞ at z → ±∞, for large enough k the factor exp[(D − 2k)A] diverges, so that at the end of the day gravity is no longer localized. A possible way around this difficulty might be that all the higher curvature terms should come in "topological" combinations (corresponding to Euler invariants such as the GaussBonnet term [23, 24] ) so that their presence does not modify the (D − 1)-dimensional propagator for the bulk graviton modes. That is, even though such terms are multiplied by diverging powers of the warp factor, they are still harmless. One could attempt to justify the fact that higher curvature bulk terms must arise only in such combinations by the fact that otherwise the bulk theory would be inconsistent to begin with due to the presence of ghosts. However, it is not completely obvious whether it is necessary to have only such combinations to preserve unitarity. Thus, in a non-local theory such as string theory unitarity might be preserved, even though at each higher derivative order there are non-unitary terms, due to a non-trivial cancellation between an infinite tower of such terms.
We would like to end our discussion by pointing out that the aforementioned difficulty with higher curvature terms does not arise in theories with infinite-volume non-compact extra dimensions [25] [26] [27] [28] [29] 16, 30, 21, 20, 17] . However, consistency of the coupling between bulk gravity and brane matter might give rise to additional constraints. As we have already mentioned, in some cases the brane world-volume theory must be conformal. In such cases it would be interesting to understand if there is a relation to [31] .
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